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Abstract
Using the typical C1-topology, we prove that a generic C1 function f :K ⊂Rn 7→R on a compact
neighborhood which has a zero gradient point necessarily has a zero-measure Cantor set C on which
its gradient vanishes and on which its set of local extrema is dense. Ó 2000 Elsevier Science B.V. All
rights reserved.
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1. Introduction
Consider a topological space S. A property is said to be generic if and only if it is
possessed by a dense Gδ subset of the points of S. Akin, Hurley, and Kennedy, in a series
of papers [1–4], have described fairly precisely the generic dynamics of homeomorphisms
on a compact manifold. We describe some generic properties of altitude functions, i.e.,
functions from Rn 7→R. We begin with functions of a compact real interval I.
2. The one-dimensional case
Let I be a compact real interval. Let
E := {f ∈ C1(I): f ′(x) 6= 0 for any x ∈ I}.
Let
F := {f ∈ C1(I): f ′(x)= 0 for at least one x in I}.
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Note that E is an open subset of C1(I), but it is not dense. The set F is not dense, either,
but as C1(I) = E ∪ F and E ∩ F = ∅, F is necessarily closed. For this reason, we will
consider as our relevant space the space F, using the subspace topology.
Let S := {f ∈ F : there exists a zero-measure Cantor set C ⊂ I such that f ′(x)= 0 on
C and f ′(x) 6= 0 on I \ C and such that the set of local extrema of f is dense in C}. We
show that the set S is a denseGδ subset of F. Generically, then, a C1 function of a compact
real interval that is not monotone has a zero-measure Cantor set of zero-derivative points.
Proposition 1. Let the function f ∈ C1(I), ε > 0, and let f have an isolated local
minimum (maximum) at some point x0 in the interior of I. Then, there exists a g ∈ C1(I)
such that d(f,g) < ε (C1-metric) and such that g possesses three local minima (maxima)
in some sufficiently small neighborhoodN of x0. Furthermore, g can be chosen so that x0
is a local minimum (maximum) for g.
Proof. There exists a δ > 0 such that for x ∈ N (x0, δ), |f ′(x)| 6M < ε/3. Referring
to Fig. 1, construct three bump functions b1(x), b2(x), and b3(x), symmetric about their
centers, such that
(i) b1 is centered at c1 := x0−δ/2, b2 is centered at c2 := x0, and b3 at c3 := x0+δ/2,
(ii) each bi has support only on a compact interval Ii about its center and these compact
intervals are mutually disjoint,
(iii) |bi(x)|, |b′i(x)|< ε/3 for all x ∈ Ii ,
(iv) |b′i (xi)|>M for some xi ∈ Ii .
If necessary, we may satisfy (iii) and (iv) above by shrinking the interval of support for
bi while keeping bi(ci) fixed. Let g := f + b1 + b2 + b3. Then, for any x ∈ I,∣∣f (x)− g(x)∣∣6 ∣∣b1(x)∣∣+ ∣∣b2(x)∣∣+ ∣∣b3(x)∣∣< ε and∣∣f ′(x)− g′(x)∣∣6 ∣∣b′1(x)∣∣+ ∣∣b′2(x)∣∣+ ∣∣b′3(x)∣∣< ε.
Hence, g is within ε of f in the usual C1-metric. In addition, the Intermediate Value
Theorem and (iv) guarantee that there is an isolated point pi in each Ii for which
f ′(pi)=−b′i (pi) (i.e., g(pi)= 0) and such that g has a local minimum (maximum) at pi.
The function g therefore has three local minima (maxima) in N (x0, δ), with one located
at x0. 2
Corollary 2. If the point x0 ∈ I is an isolated zero of f ′(x) but is not a local extremum
(i.e., it is a point of inflection), the construction in the proof of Proposition 1 will still yield a
function with three local minima (or maxima), one of which is located at x0. Furthermore,
such a construction can yield an extremum near an endpoint of I at which f ′ = 0. Hence,
the conclusions of Proposition 1 holds for any f ∈ F which possesses an isolated zero-
derivative point.
Proposition 3. The set S is nonempty.
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Fig. 1. This figure represents the insertion of bump functions near a local minimum of f in order
to create a function g which has three local minima. By appropriately restricting the radius of the
neighborhood of x0 in which we construct the bumps and by making the bumps tangent to the original
function, we can ensure that the new function g is within ε of f with respect to the C1-metric.
Proof. Let f ∈ F, and let x0 be an isolated root of f ′(x) in the interior of I. Assume that
x0 is the only point at which f ′(x) = 0 and that (x0, f (x0)) is a local minimum for f.
Choose a neighborhoodN of x0 as in Proposition 1.
Then, sub-divide N into seven mutually disjoint subintervals of equal length. Label
these intervals consecutively from left to right with the numbers one through seven. See
Fig. 2. Let intervals one, three, five and seven be open intervals, and let the even-numbered
intervals be closed. As in the proof of Proposition 1, construct one new minimum at some
point in the interior of each closed interval, so that the minimum in interval four is again at
the point x0. Repeat this process now on each of the three closed intervals, and iterate ad
infinitum.
Note that no extremum will ever be constructed in the original four open subintervals,
nor in any future open subintervals, ofN . Furthermore, each newly constructed minimum
will remain a minimum throughout the rest of the iterative process. At the nth stage, we
will have 3n minima. In the end, we will have an infinite number of minima.
LetAn represent the union of all of the closed subintervals ofN , and let fn(x) represent
the perturbed function, at the nth iterative stage. The set A :=⋂n>1An is closed, totally
disconnected, and perfect and is therefore a Cantor set.
Additionally, note that at each iterative step, we can, according to Proposition 1,
construct fn+1(x) so that it is within ε/2n of fn(x). Hence, the sequence {fn(x)}∞n=1 is a
Cauchy sequence in C1 and therefore converges uniformly to a continuously differentiable
function f∞.
60 B.A. Peratt, J.A. Kennedy / Topology and its Applications 106 (2000) 57–68
Fig. 2. This figure shows the first iterative step in the construction of a function f∞ in S. First,
we choose a neighborhood N (x0) = (a, b) as in Proposition 1. Then, we subdivide it into seven
mutually disjoint subintervals. Above each closed interval, we perturb the function f by adding a
bump function, making sure to maintain the minimum (maximum) at x0. See Fig. 1. The function is
left unperturbed in each of the four open intervals. We denote by A1 the union of the three closed
intervals. This same procedure is now repeated at each new minimum of the perturbed function f1,
and so on ad infinitum. We prove that f∞ ∈ C1(I ) and that A :=⋂An is a Cantor representing the
set of all points at which f ′∞ is zero.
Now, the set of local extrema of f∞ is dense in A. It remains to prove that f ′∞(x)= 0
at every point of the set A and that f ′∞(x) 6= 0 on I \A. For any x ∈A, x is either a local
extremum or a limit point of local extrema. Because f∞ is continuously differentiable,
f ′∞(x)= 0 in either case. By construction, if x /∈A, then f ′∞(x) 6= 0. Hence, f∞ ∈ S and
S is not empty. 2
Corollary 4. The set S is dense in F.
Proof. Let ε > 0 be given. In the construction of f∞ in the proof of Proposition 3, the C1
distance between fn+1(x) and fn is less than ε/2n. Hence, the distance between f and f∞
will be less than ε.
Let f ∈ F be arbitrary; then f ′ has at least one root in I . At each isolated root of f ′,
we can perturb f so that it has the desired Cantor set structure of zero-derivative points.
If there are one or more intervals in I on which f ′ = 0, we may similarly perturb f. All
other zero-derivative points must not be isolated, nor can they be part of a continuum of
zero-derivative points. Additionally, since f is C1(I), this set must be closed and is hence a
Cantor set. Thus, the resulting perturbation of f must be in S, and so S is dense in F. 2
Proposition 5. The set S is residual in F ; that is, S contains a dense Gδ subset of F.
Proof. We construct a dense Gδ subset of F in S. We begin with the following definition.
If an interval I contains a point at which f ′ vanishes, then we will call I a zero derivative
interval, or ZDI. Conversely, if f ′ vanishes at no point of I, we will call I a non-ZDI. We
now define the following properties:
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(i) We say that a function f ∈ F has Property 1 for j if and only if there exist at least
j closed, mutually disjoint, non-ZDIs I1 < I2 < I3 < · · ·< In, n > j for f such
that f ′ does not vanish on any of these intervals and f ′(Ii) · f ′(Ii+1) < 0 for all
i < n.
(ii) We say that a function f ∈ F has Property 2 for j if and only if it has Property 1
for j and
∑ |Ii |> 1− 1/2j .
(iii) We say that a function f ∈ F has Property 3 for j if and only if it has Property 1 for
j and it has the property that if there exists a subsequence Ip1 < Ip2 < Ip3 < · · ·<
Ipm, m< n, where |Ipi |> 1/2j for all i, then pi+1−pi > 2. That is, between any
two long intervals, there are two short intervals.
(iv) We say that a function f ∈ F has Property 4 for j if and only if it has Property 1
for j and |f ′(x)|< 1/2j for all x /∈⋃ Ii .
For each j, define the setOj := {f ∈ F : f has Properties 1–4 for j }.We first prove that
eachOj is dense and open in F, so that ∩Oj is a denseGδ subset of F. We then show that⋂
Oj ⊂ S.
To this end, let j be arbitrary. We claim that S ⊂ Oj and that therefore Oj is dense
in F. To see this, first recall that S := {f ∈ F : there exists a Cantor set C ⊂ I such that
f ′(x)= 0 on C, f ′(x) 6= 0 on I \ C, and such that the set of local extrema of f is dense
in C}.
Now, let f ∈ S be arbitrary. Then the set I \ C consists of a union of disjoint, open
intervals which are arbitrarily small in length. As the set of local extrema is dense in C,
the Mean Value Theorem guarantees that f has Property 1 for j. As the Cantor set C
has measure zero, f has Property 2 for j. Since the intervals which compose I \ C are
arbitrarily small and there are an infinite number of them between any two of them, f
has Property 3 for j. Finally, if x /∈⋃ Ii , then either x ∈ C, in which case f ′(x)= 0, or
x ∈ I \C. In the latter case, we simply increase the number of the Ii so that x is sufficiently
close to C for the uniform continuity of f ′ to guarantee that |f ′(x)|< 1/2j . Hence, f has
Property 4 for j. Therefore, S ⊂Oj and Oj is dense in F.
To see that Oj is open in F, we will show that all four properties persist under small
perturbations of f. That Properties 1–3 persist is clear. That Property 4 persists is a direct
consequence of the uniform continuity of f ′. Hence,
⋂
Oj is a dense Gδ subset of F. It
remains to prove that
⋂
Oj ⊂ S.
Let f ∈ ⋂Oj . Then f ∈ O4 in particular. Hence, there exist at least four mutually
disjoint intervals, I41 , I42, I43, . . . , I4nˆ , nˆ > 4. which satisfy the conditions of Properties
1–4. Also, there exists an ε > 0 such that
(i) |f ′(x)|> ε on ⋃ I4i .
(ii) |I4i |> ε for all i = 1, . . . , nˆ.
We now establish that, as j increases, none of the non-ZDIs Ijk can decrease in length
and that f has no isolated zero-derivative points. To this end, let j be such that 1/2j < ε.
Then, f ∈ Oj and there exist mutually disjoint, closed intervals Ij1 , Ij2 , Ij3 , . . . , Ijn ,
n > nˆ, which satisfy the conditions of Properties 1–4. We claim that I4i ⊂
⋃n
k=1 Ijk for
all i = 1, . . . , nˆ. For suppose not; then, there would exist a point x in some I4i which is
not in
⋃
Ijk . But then, |f ′(x)|> ε and |f ′(x)|< 1/2j , which is impossible. Also, since
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all intervals are mutually disjoint, I4i ⊂ Ijki for some ki. Since f is monotone in each
subinterval, no two I4i ’s lie in the same Ijki .
Essentially, then, as j increases, the lengths of the non-ZDIs cannot decrease.
Furthermore, each of the non-ZDIs has length larger than 1/2j for j sufficiently large.
Hence, for any two non-ZDIs there will exist, for sufficiently large j, two smaller non-
ZDIs between them. This guarantees that f has no isolated zero-derivative point. Finally,
since the endpoints of the non-ZDIs for f are limit points of zero-derivative points of f,
and f ′ is continuous, these endpoints must also be zero-derivative points of f. Hence,
f ∈ S and S is residual in F . 2
3. The multi-dimensional case
We wish to generalize the results of the previous section to functions f :Rn 7→ R . To
this end, let K ⊂Rn be a compact neighborhood which is the closure of its interior, and
F := {f ∈ C1(K): ∇f (x0)= 0 for some x0 ∈K},
E := {f ∈ C1(K): ∇f (x0) 6= 0 for any x0 ∈K}, and
S := {f ∈ F : there exists a zero-measure Cantor set C ⊂K so that ∇f = 0
on C and ∇f 6= 0 on K \C and such that the set of local extrema of f
is dense in C
}
.
Note that E is open but not dense in C1(K), and F is also not dense. Furthermore, since
E ∩F = ∅ and E ∪F = C1(K), F is closed. Let Σ := S ∪E. We show that Σ is residual
in C1(K).
Proposition 6. Let f ∈ F , ε > 0 be given, and x0 ∈ K be such that ∇f (x0) = 0.
Furthermore, assume that x0 is the only zero-gradient point for f. Then, there exists a
function h ∈ F and a neighborhoodN (x0) such that:
(i) The distance d(f,h) is less than ε (C1-metric).
(ii) All zero-gradient points of h are isolated.
(iii) The function h has at least four local extrema in N (x0).
(iv) The function h can be chosen so that (x0, h(x0)) is a local extremum.
Proof. Since f is smooth, given M > 0, there exists a δ > 0 such that if x ∈ N (x0, δ),
‖∇f (x)‖6M. We will now construct the function h through a series of perturbations of
f. Let Bα,β,γ be a bump function of the form
Bα,β,γ (x)=
{
−α e−βtan2[γ (x−x0)·(x−x0)] if x ∈N (x0, δ/2),
0 if x ∈K \N (x0, δ/2).
Then, α and β can be chosen so that Bα,β,γ ∈ C1(K), and so that∣∣Bα,β,γ (x)∣∣< ε/4 and ∥∥∇Bα,β,γ (x)∥∥< ε/4 for all x ∈N (x0).
Hence, consider the function g1 := f +Bα,β,γ which is within ε/4 of f in the C1-metric.
If we choose α > 0, then (x0, g(x0)) is a local minimum, but g1 may have a continuum on
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Fig. 3. This graph shows the type of rim which might be created when perturbing a function f with
a bump function near a zero-gradient point. The rim in this graph is a circle on which the gradient
vanishes.
Fig. 4. This graph demonstrates how one may perturb the rim using bump function to eliminate the
continuum of zero-gradient points. Notice that the new zero-gradient points created consist of local
extrema interlaced with saddle points.
the boundary of N (x0, δ/2), which we will call a “rim”, on which ∇g1 = 0. See Fig. 3.
If so, construct a finite number of suitable bump functions (with α < 0 so the bumps are
concave down) on this rim so that the resulting function, g2, is within ε/4 of g1 and has
a finite number of isolated zero-gradient points. These points will consist of both saddles
and local extrema. See Fig. 4.
Next, construct suitable bump functions (with α > 0 so the bumps are concave up) at
three selected points in N (x0, δ/2), so that there are now at least four local minima in
N (x0, δ/2) for the resulting function, g3, and g3 is within ε/4 of g2. As in Proposition 1,
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we can guarantee that the bump functions create new minima by takingM to be sufficiently
small and shrinking the compact support of each bump function.
Finally, delete any rims created by the addition of these bump functions so that the
resulting perturbation, h, has at least four local minima in N (x0) and no continua
consisting of zero-gradient points. The distance d(f,h) < ε. Also, all zero-gradient points
of h are isolated, and f = h on K \N (x0, δ). 2
Lemma 7. Let f ∈ F and ε > 0 be given. Then, if x0 is a non-isolated zero-gradient
point of f, there exists a function h ∈ F which satisfies the same conditions as given in
Proposition 6.
Proof. Since f is smooth, we know that Z := {x ∈K: ∇f (x)= 0} is a closed subset of
K. Therefore, by the uniform continuity of f and ∇f, there exists a δ > 0 such that for any
x0 ∈ K , |f (x0)− f (x)| < ε/2 and ‖∇f (x0)− ∇f (x)‖ < ε/2 for all x ∈ N (x0, δ). At
each x ∈ Z, construct a neighborhoodN (x0, δ). Then, choose a finite sub-cover {Ni}Ni=1
of Z so that each Ni contains a point of Z. For each i, construct a C1 function pi so that:
(i) The function pi(xi )= f (xi ).
(ii) The gradient ∇pi(xi )= 0.
(iii) The point (xi , pi(xi )) is a local minimum for pi.
(iv) The distance | pi(xi )− pi(x) |< ε/3 for all x ∈Ni .
We will call such a function a “patch”. Since the number ofNi ’s is finite and f is smooth
onK, we can ensure that the patch functions pi can be constructed in such a way that they
meet in a C1-smooth fashion both with each other and with f on the boundaries of the
Ni’s.
We create a “quilted” function f by piecing together the patches, pi, on their respective
domains with the original function f on K \⋃{Ni}. The resulting “quilted” function fq
is within 2ε/3 of f. Furthermore, the zero-gradient points of fq are all isolated and hence
it can be perturbed according to the method in the proof of Proposition 6. The resulting
function h will be within ε of the original function f. 2
Theorem 8. Let f ∈ F be arbitrary and let ε > 0 be given. Then there exists a function
f∞ ∈ S such that d(f,f∞) < ε. In particular, S is nonempty and dense in F.
Proof. Assume that all zero-gradient points of f are isolated, otherwise, perturb f
according to the construction of Lemma 7. Through a series of perturbations, we will
construct a function in S.
For each i, let εi := ε/2i . At each zero-gradient point x0 of f, choose a neighborhood
Nx0 and perturb f so that the resulting function f1 is within ε1 of f and possesses at least
four local extrema for each zero-gradient point of f. Let A1 be the union of the closure of
the neighborhoodsN . Then, note that all zero-gradient points of f1 are isolated and lie in
A1, and that f1 possesses at least 41 extrema in A1 (it will, in general, have many more
local extrema in A1). Repeat this process now at each zero-gradient point of f1 to obtain
f2 and A2 ⊂ A1, and iterate ad infinitum.
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We note that each Ai is closed and that Ai+1 ⊂ Ai for all i. Furthermore, all zero-
gradient points of fi are isolated and lie in Ai, and fi has at least 4i local extrema in
each Ai. Finally, no zero-gradient point is ever destroyed in the perturbation process.
Hence, in particular, all local extrema for fj are also local extrema for fi , i > j.
Let A∞ :=⋂Ai. Then, A is a Cantor set. Furthermore, f∞ has an infinite number of
local extrema in A∞. Our choice of εi ensures that the sequence {fi(x)}∞i=1 is Cauchy. The
fi’s therefore converge uniformly and f∞ ∈ C1(K). Hence, f ′∞(x)= 0 for all x ∈A∞. By
construction, f∞ 6= 0 on K \A∞, and hence f∞ ∈ S and is within ε of f. 2
Theorem 9. The set S is residual in F.
Proof. For each positive integer k, let Fk denote the following set: f ∈ Fk if and only
if f ∈ F and there is a collection N = {N1,N2, . . . ,Nm} of mutually disjoint compact
neighborhoods homeomorphic to n-balls such that
(i) m> k,
(ii) M(⋃N ) < 1/k,
(iii) diamNj < 1/k for 16 j 6m,
(iv) there is some k′ > k such that for each z ∈ K\(⋃N )◦ there is some i such that
|∂f/∂xi(z)|> 1/k′, and for each z ∈⋃N , ∑ni=1 |∂f/∂xi(z)|< 2n/k′, and
(v) for each 16 i 6 n, 16 j 6m there are paths αij : [0,1]→Nj and βij : [0,1]→
Nj such that for each t ∈ [0,1], ∂f/∂xi(αij (t)) > 0, and ∂f/∂xi(βij (t)) < 0.
Plan. Show that each Fk is open and dense in F, and that
⋂
Fk = S.
Fk is open: Suppose f ∈ Fk. Then there is a collection N = {N1,N2, . . . ,Nm} of
mutually disjoint compact neighborhoods homeomorphic to n-balls such that
(i) m> k,
(ii) M(⋃N ) < 1/k,
(iii) diamNj < 1/k for 16 j 6m,
(iv) there is some k′ > k such that for each z ∈ K\(⋃N )◦ there is some i such that
|∂f/∂xi(z)|> 1/k′, and for each z ∈⋃N , ∑ni=1 |∂f/∂xi(z)|< 2n/k′, and
(v) for each 16 i 6 n, 1 6 j 6m there are paths αij : [0,1] → Nj and βij : [0,1]→
Nj such that for each t ∈ [0,1], ∂f/∂xi(αij (t)) > 0, and ∂f/∂xi(βij (t)) < 0.
Suppose that z ∈ K\(⋃N )◦. Then there is some iz such that |∂f/∂xiz (z)| > 1/k′.
Hence, there is an open set oz such that z ∈ oz and if y ∈ oz, then |∂f/∂xiz (y)| > 1/k′.
Then {oz: z ∈K\(⋃N )◦} is an open cover of K\(⋃N )◦, a compact set, and it contains
a finite subcover {˜o1, o˜2, . . . , o˜l}. For each o˜j , there is some ij such that for each y ∈ o˜j ,
|∂f/∂xij (y)|> 1/k′. Thus, there is some ε1 > 0 such that if ρ(f,g) < ε1, then for each
y ∈K\(⋃N )◦, there is some i such that |∂g/∂xi(y)|> 1/k′.
Suppose that z ∈⋃N . Then ∑ni=1 |∂f/∂xi(z)|< 2n/k′. Hence, there is an open set vz
such that z ∈ vz and if y ∈ vz, then ∑ni=1 |∂f/∂xi(y)|< 2n/k′. Then {vz: z ∈⋃N } is an
open cover of
⋃N , a compact set, and it contains a finite subcover {˜v1, v˜2, . . . , v˜l}. For
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each v˜j , each i, and each y ∈ v˜j , |∂f/∂xij (y)| > 1/k′. Thus, there is some ε2 > 0 such





For each 16 i 6 n, 16 j 6m there are paths αij : [0,1]→Nj and βij : [0,1]→Nj such
that for each t ∈ [0,1], ∂f/∂xi(αij (t)) > 0, and ∂f/∂xi(βij (t)) < 0. Then there is
some ε3 > 0 such that if ρ(f,g) < ε3, for each t ∈ [0,1], ∂g/∂xi(αij (t)) > 0, and
∂g/∂xi(βij (t)) < 0.
Let ε = min{ε1, ε2, ε3}. Then if ρ(f,g) < ε, the collection N = {N1,N2, . . . ,Nm} of
mutually disjoint compact neighborhoods has the following properties:
(i) m> k,
(ii) M(⋃N ) < 1/k,
(iii) diamNj < 1/k for 16 j 6m,
(iv) there is some k′ > k such that for each z ∈ K\(⋃N )◦ there is some i such that
|∂g/∂xi(z)|> 1/k′, and for each z ∈⋃N , ∑ni=1 |∂g/∂xi(z)|< 2n/k′, and
(v) for each 16 i 6 n, 16 j 6m, there are paths
αij : [0,1]→Nj and βij : [0,1]→Nj
such that for each t ∈ [0,1], ∂g/∂xi(αij (t)) > 0, and ∂g/∂xi(βij (t)) < 0.
Thus, Fk is open.
S = ⋂Fk : Since S ⊂ Fk for each k, S ⊂ ⋂Fk. We need to show that S = ⋂Fk.
Suppose then that f ∈ ⋂Fk. Let r1 = 1. Since f ∈ F1, there is a collection N1 =
{N11,N12, . . . ,N1m1} of mutually disjoint compact neighborhoods homeomorphic to n-
balls that has the following properties:
(i) m1 > 1,
(ii) M(⋃N1) < 1,
(iii) diamN1j < 1 for 16 j 6m1,
(iv) there is some k′1 > 1 such that for each z ∈ K\(
⋃N1)◦ there is some i such that
|∂f/∂xi(z)|> 1/k′1, and for each z ∈
⋃N1, ∑ni=1 |∂f/∂xi(z)|< 2n/k′1, and
(v) for each 16 i 6 n, 16 j 6m1, there are paths
α1ij : [0,1]→N1j and β1ij : [0,1]→N1j
such that for each t ∈ [0,1], ∂f/∂xi(α1ij (t)) > 0, and ∂f/∂xi(β1ij (t)) < 0.
Now choose r2 to be an integer larger than 2nk′1. Since f ∈ Fr2, there is a collection
N2 = {N21,N22, . . . ,N2m2} of mutually disjoint compact neighborhoods homeomorphic
to n-balls that has the following properties:
(i) m2 > r2,
(ii) M(⋃N2) < 1/r2,
(iii) diamN2j < 1/r2 for 16 j 6m2,
(iv) there is some k′2 > r2 such that for each z ∈K\(
⋃N2)◦ there is some i such that
|∂f/∂xi(z)|> 1/k′2, and for each z ∈
⋃N2 ∑ni=1 |∂f/∂xi(z)|< 2n/k′2, and
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(v) for each 16 i 6 n, 16 j 6m2, there are paths
α2ij : [0,1]→N2j and β2ij : [0,1]→N2j
such that for each t ∈ [0,1], ∂f/∂xi(α2ij (t)) > 0, and ∂f/∂xi(β2ij (t)) < 0.
It must be the case that the collectionN2 refines the collectionN1, by the choice of r2. In
fact, each member ofN2 is contained in the interior of some member ofN1. Continue this
process: having k′2, choose r3 to be a positive integer larger than 2nk′2. Then f ∈ Fr3,
and we can find a collection N3 = {N31,N32, . . . ,N3m3} of mutually disjoint compact
neighborhoods homeomorphic to n-balls that has the following properties:
(i) m3 > r3,
(ii) M(⋃N3) < 1/r3,
(iii) diamN3j < 1/r3 for 16 j 6m3,
(iv) there is some k′3 > r3 such that for each z ∈K\(
⋃N3)◦ there is some i such that
|∂f/∂xi(z)|> 1/k′3, and for each z ∈
⋃N3,∑ni=1 |∂f/∂xi(z)|< 2n/k′3, and
(v) for each 16 i 6 n, 16 j 6m3, there are paths
α3ij : [0,1]→N3j and β3ij : [0,1]→N3j
such that for each t ∈ [0,1], ∂f/∂xi(α3ij (t)) > 0, and ∂f/∂xi(β3ij (t)) < 0.
Thus, we get an infinite sequence of collectionsNk each strongly refining the previously
chosen collectionNk−1. Because mk→∞, rk→∞, diamNkl < 1/rk, andM(⋃Nk) <
1/rk, it follows that
(i) any sequence N1,i1,N2,i2 , . . . such that (1) Nk,ik ∈ Nk, and (2) N1,i1 ⊃ N2,i2 ⊃
N3,i3 ⊃ · · · yields exactly one intersection point
⋂∞
k=1Nk,ik = {z(〈ik〉)},
(ii) C = {z(〈ik〉): 〈ik〉 is a sequence of positive integers such that (1) Nk,ik ∈Nk, and
(2) N1,i1 ⊃N2,i2 ⊃N3,i3 ⊃ · · ·} is a Cantor set,
(iii) M(C)= 0,
(iv) ∇f (z) 6= 0 if z /∈C, and
(v) ∇f (z)= 0 if z ∈C.
Suppose that there is some Nkl which contains no point at which it has a local maximum
and no point at which it contains a local minimum. It follows from the continuity of
f and the compactness of Nkl that Nkl contains a point p at which f reaches its
maximum value in Nkl , and a point q at which f reaches its minimum value in Nkl.
If p ∈ (Nkl)◦, then p ∈ C, and p is a local maximum. Likewise, if q ∈ (Nkl)◦, then
q ∈ C, and q is a local minimum then p and q must be on the boundary ∂Nkl , and if
z ∈ (Nkl)◦, f (q) < f (z) < f (p). Suppose Nk+1,i ⊂ (Nkl)◦. For the same reasons, Nk+1,i
does not contain a point at which it has a local maximum or minimum either. Then
there are points zmax,i and zmin,i on the boundary ∂Nk+1,i such that if z ∈ (Nk+1,i)◦,
then f (q) < f (zmin,i ) < f (z) < f (zmax,i ) < f (p), and if y ∈ Nkl\(Nk+1,i)◦, either
f (zmax,i) < f (y) < f (p) or f (q) < f (y) < f (zmin,i ). But Nkl is connected, and so
is Nkl\(Nk+1,i)◦. Let A= {y ∈ Nkl\(Nk+1,i )◦: f (zmax,i) < f (y) < f (p)} and B = {y ∈
Nkl\(Nk+1,i)◦: f (q) < f (y) < f (zmin,i )}. Neither A nor B is empty, A ∩ B = ∅, and
A∪B =Nkl\(Nk+1,i)◦. This is a contradiction. Then (Nkl)◦ does contain a point at which
it reaches a local maximum value or a point at which it reaches a local minimum value.
Thus, f ∈ S. 2
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